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Abstract
We investigate the classical stability of non-supersymmetric Freund–Rubin compact-
ifications of Type IIB string theory on a product of three-dimensional Einstein spaces
A3 × B3 with both NS-NS and R-R three-form fluxes turned on through A3 and B3,
and a zero axion. This results in a three parameter family of AdS4 vacua, with local-
ized sources such as anti-three-branes or orientifold planes required to cancel the R-R
four-form tadpole. We scan the entire space of such solutions for perturbative stability
and find that anti-three-branes are unstable to a Jeans-like instability. For orientifold
compactifications, we derive a precise criterion which the three-dimensional Einstein
spaces have to satisfy in order to be stable.
August 2005
1 Introduction
String theory compactified down to four dimensions has a richness of vacua. Studies
of these vacua in the context of different string theories are by now a well-developed
industry (see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]). Counting the number
of these vacua has been the focus of many investigations — the considerations of Bousso
and Polchinski [17], followed up by the more sophisticated and detailed investigations
for vacua preserving N = 1 supersymmetry by Douglas and collaborators [18, 19, 20].
This plethora of vacua leads to an embarrassment of richness in making contact with
four-dimensional physics. It is therefore interesting to ask how many vacua in this
landscape [21] remain perturbatively stable once supersymmetry is broken. In this
paper, we examine a class of compactifications of Type IIB string theory which have
non-supersymmetric four-dimensional AdS vacua, and perform a stability analysis.
(For somewhat related work, see [22]. For a study of the stability of compactifications
with de Sitter vacua, see e.g. [23, 24].)
Ideally, one would like to start with a model with a large number of supersym-
metric vacua, break supersymmetry, and then perform a counting of the number of
stable vacua. This is not what we do. Instead, we consider a set-up which is non-
supersymmetric from the start. What we have in mind is a Freund–Rubin compact-
ification [25] of Type IIB on a six-dimensional space X6 which is a direct product of
three-dimensional positively curved Einstein spaces A3×B3, with 3-form fluxes thread-
ing both A3 and B3. In these solutions the radii of curvature of A3 and B3 increase with
3-form fluxes. We consider large fluxes where classical supergravity can be trusted. In
the absence of supersymmetry, the small radius limit will receive large corrections.1 To
our knowledge, this class of solutions appeared first in [26]. In this paper we examine
the perturbative stability of these solutions.
There are at least three motivations to be interested in the study of the stability of
such compactifications:
• These are the simplest compactifications of IIB string theory with non-trivial
three-cycles through which one can thread H3 and F3 flux. It is therefore very
interesting to ask how many of the non-supersymmetric vacua are classically
stable.
• The flux compactifications under study here arise as near-horizon limits of stacks
of NS5 and D5 branes wrapping A3 and B3. They are therefore similar to the
1Even in the large radius limit one could still worry that close to the orientifold planes (which
we introduce shortly) there are significant corrections to the geometry. Moreover, our very geometric
approach to objects that are intrinsically non-geometric might not seem rigorous. We shall gloss over
both of these subtleties by hoping that at low energies, our analysis would be nearly correct.
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KKLT and KKLMMT models [1, 27] which also have 5-branes wrapping three-
cycles in a Calabi-Yau. As such, the set-up considered here could be viewed
as a toy-model of the more sophisticated Calabi-Yau constructions.2 This toy-
model might provide some mileage in constructing putative three-dimensional
field theory duals, especially since the brane configurations are known here.
• Finally, since the issue of stability of product space compactifications with fluxes
threading the individual parts of the product has (to our knowledge) not been
carried out (see [28] however for a closely related set-up), the exercise is interesting
by itself in getting an idea of when such compactifications are unstable.
When one desires a 4-d AdS vacuum in some theory such as IIB, one still has to
choose a particular 6-d compact space, X6. In order to be able to turn on 3-form
fluxes, one requires that X6 have some number of three-cycles. The simplest choice
is then a direct product of three-manifolds. Once one has made a choice of X6, each
of the four dimensional anti-de Sitter vacua are differentiated by the amounts of 3-
form flux turned on through each three-cycle. In general these would be four integers
(n1, n2, q1, q2), with n1, n2 specifying the amount of NS-NS flux through A3 and B3,
respectively, and q1, q2 the R-R flux. However, for simplicity, we shall choose an ansatz
with no axion turned on. This yields a constraint relating the four integers. There is
also a C4 tadpole constraint, which is Gauss’s law for 3-brane (or H3∧F3) charge in the
compact space. A non-zero H3 ∧ F3 necessitates the introduction of localized objects
which carry 3-brane charge. The various options in IIB string theory are D3-branes
and O3-planes (or D3 and O3, depending on the relative orientation of H3 and F3),
which are point-like in X6, or p–dimensional branes wrapped on (p− 3)-cycles in X6.
For simplicity we consider only the first two options. We find that if we denote the
number of localized objects needed to cancel the C4 tadpole by t, we have a three
parameter family of AdS4 vacua which are conveniently labelled by t, α = n1/n2, and
gs = e
φ, whose background value we shall see is αn2/q2. The entropy of these solutions
(which is related to the number of AdS vacua) depends on fluxes, and the relationship
can be computed from the value of the four-dimensional cosmological constant using
the standard argument of Witten and Susskind [29]. The result is that the entropy is
proportional to t2. (Recall that for supersymmetric vacua constrained to obey the C4
tadpole condition, the entropy scales as tb3 , where b3 is the third Betti number of the
compact space. Our ansatz is chosen so that the 3-form fluxes do not simultaneously
have legs on both A3 and B3, so that b3 is effectively 2.)
Let us now examine each of the two simple ways to cancel the C4 tadpole. One
2Recall that in the de Sitter compactifications mentioned above, the first step is to obtain an AdS
vacuum. One then adds anti-three-branes which more than cancel the negative cosmological constant
to obtain a meta-stable de Sitter vacuum.
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solution, which was considered in [26], is to use D3-branes. This nice example, however,
has an interesting instability. We know that in flat space, the gravitational attraction
of the anti-branes is exactly cancelled by the electrical repulsion due to the R-R 5-
form field strength. In the set-up here however, there is in fact a net attractive force
between the anti-branes resulting from the polarization of the flux in between [30]. The
background H3 ∧ F3 can be thought of as an induced D3-brane charge. This charge
screens the form-field repulsion, but since the graviational force is unchanged, there is
a resultant attractive force. The analysis of [30] indicates that this process of clumping
of the anti-branes is very quick.
The other option, using orientifold planes, is free of this instability, since by definition
they cannot move. Therefore, we perform a stability analysis with O3-planes. We find,
surprisingly, that the mass spectrum is in fact independent of both gs and α, but
depends only on the orientifold action. The orientifold action is ΩR(−1)FL [31, 32, 33],
where Ω is the world-sheet parity, R is the Z2 action on X6, and FL is the spacetime
fermion number of the left-movers. We shall be looking at an ansatz with constant
three-form fluxes H3 and F3 which are even under the Z2. The other fields such as the
axion, dilaton, and the metric are also even. In this case, we have the result that most
choices of A3 and B3 will lead to instabilities! The precise criterion we find is that
there is an instability if there is an eigenfunction of the scalar Laplacian operator on
A3 (or B3) which is even under the Z2 action and has eigenvalue 3 ≤ −R2 < 22.1,
where R is the radius of curvature of A3 (and B3). The mode is tachyonic in the sense
that its mass is below the Breitenlohner–Freedman bound [34]. Indeed, we give an
explicit example where the compact space is chosen to be S3 × S3, which turns out to
be unstable. It would be interesting to have an explicit example of A3 and B3 with
no eigenvalue of the Laplacian in the above range, or in which the orientifold action
projects out the unstable mode.
In this paper we shall carry out the stability analysis along the lines of [35, 36, 37,
38]. In this approach, we shall be able to compute the spectrum of the entire KK
tower of fluctuations about the background. Often the approach is to perform a zero-
mode (or s-wave) reduction of the higher dimensional theory down to four dimensions.
The advantage of the latter method is that one clearly sees the various contributions
to the four-dimensional effective potential for the different fields such as the size of
the compact space, dilaton, etc. Some of the contributions, like fluxes, contribute
positively, while others, such as positive curvature of the compact space and negative
tension objects, have negative contributions. The various ‘forces’ stabilizing the moduli
come at different orders in the string perturbation theory: for example, the 4-d vacuum
energy from compactifying on a compact space and the energy from NS-NS fluxes are
at string tree-level, while examples of contributions at one-loop include R-R fluxes
and gaugino condensates [39]. In fact, sometimes the contribution could be even non-
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perturbative, for instance from Euclidean branes as in [1, 27]. A nice review of these
various types of contributions are listed in the lecture notes [26]. The term “moduli
stabilization” is used to indicate solutions in which the potential has at least one
minimum with finite non-zero values of every field. From the ten-dimensional point of
view, this simply means that there are non-trivial solutions to the equations of motion.
Although this s-wave effective potential is an excellent guide in computing the back-
ground, we should remind ourselves that it can be quite misleading in informing us of
the stability of the background. In other words, the fact that the background sits at
the minimum of the effective potential is not a guarantee for stability. In fact, there
could be a tachyonic instability in a low-lying KK fluctuation which is not an s-wave.3
It is for this reason that we inspect the low-lying tower of states for this class of com-
pactifications. It is a highly non-trivial matter to sieve through all the modes, and in
practice one uses some judgement to pick out modes which are usually least massive
to determine stability. Keeping this in perspective, we shall use the lessons learned in
[38, 40] (see also [28]) about product-space compactifications.
The most obvious source of instability for product spaces Xq = An × Bq−n is an
instability in which one part, say An, expands, while the other part Bq−n shrinks,
preserving the total volume locally. In fact [38, 40] showed that (p + q)-dimensional
Einstein–Maxwell theories with a q-form flux, when compactified on a q-dimensional
positively curved Einstein space, had only precisely this instability. But results of that
analysis do not apply to the example that we have in mind because here we do not have
a 6-form flux threading the A3 × B3. Instead, we have both R-R and NS-NS 3-form
fluxes threading each three-cycle. The presence of the 3-form fluxes would lead one to
expect that this mode would be stabilized. More generally, the class of modes that we
consider is the coupled scalar sector, consisting of the traces of the metric fluctuations
on AdS, on A3 and B3, the fluctuations of the dilaton and axion, and the fluctuation
of the R-R and NS-NS 3-form fields. We compute the masses of these modes.
This paper is organized as follows. In Section 2 we explain the set-up and determine
the background from a ten-dimensional perspective.4 We point out the two possi-
ble choices of cancelling the C4 tadpole, by adding mobile D3-branes or by adding
O3-planes, and then discuss possible instabilities. Section 3 discusses the growth of
the number of AdS4 vacua with 3-form fluxes. Finally, Section 4, which is the most
important section of the paper, determines the set of vacua which are stable.
3See for instance the result in [38] in which the lowest mass mode in the coupled scalar sector was
a mode whose “orbital angular momentum” was 34 (q − 1)2, where q is the dimension of the compact
manifold.
4For a four-dimensional treatment of the background, see [26].
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2 AdS4 Vacua in IIB
The bosonic part of the IIB action in Einstein frame is [41]
SIIB =
1
2κ210
∫
d10x
√−g
[
R− 1
2
(∂φ)2 − 1
2
e2φ(∂C0)
2 − 1
2
(C20e
φ + e−φ)|H3|2
+ C0e
φH3 · F3 − 1
2
eφ|F3|2 − 1
4
|F˜5|2
]
+
1
4κ210
∫
C4 ∧ F3 ∧H3 ,
(1)
where F˜5 is defined as
F˜5 = dC4 − 1
2
C2 ∧H3 + 1
2
B2 ∧ F3 . (2)
The equations of motion obtained by varying this action are
RMN =
1
2
∂Mφ∂Nφ+
1
2
e2φ∂MC0∂NC0 + (C
2
0e
φ + e−φ)
[
1
2 · 2!HMP1P2H
P1P2
N −
1
8
gMN |H3|2
]
− C0eφ
[
1
2 · 2!HMP1P2F
P1P2
N +
1
2 · 2!FMP1P2H
P1P2
N −
1
4
gMNH3 · F3
]
+ eφ
[
1
2 · 2!FMP1P2F
P1P2
N −
1
8
gMN |F3|2
]
+
1
4 · 4! F˜MP1P2P3P4F˜
P1P2P3P4
N ,
0 = φ− e2φ(∂C0)2 − 1
2
eφ|F3|2 + C0eφH3 · F3 − 1
2
(C20e
φ − e−φ)|H3|2 ,
0 = C0 + 2∂Mφ∂
MC0 − C0e−φ|H3|2 + e−φH3 · F3 ,
0 = d ∗ (C20eφ + e−φ)H3 − d ∗ (C0eφF3)− F3 ∧ ∗F˜5 ,
0 = d ∗ (eφF3)− d ∗ (C0eφH3) +H3 ∧ ∗F˜5 ,
0 = d ∗ F˜5 −H3 ∧ F3 , F˜5 = ∗F˜5 .
(3)
We shall consider Freund–Rubin compactifications of the form
ds2 =ds2AdS4 + ds
2
A3
+ ds2B3 ,
H3 =N1 volA3 +N2 volB3 , F3 = Q1 volA3 +Q2 volB3 ,
(4)
where volA3 is the volume form of A3 and similarly for B3. We use upper-case Roman
lettersM,N, . . ., for indices on the full 10-dimensional spacetime, Greek letters µ, ν, . . .,
for indices on AdS, lower-case Roman letters a, b, . . ., for indices on A3, and i, j, . . ., for
indices on B3. Since we are dealing with Einstein spaces, the Ricci tensor is related to
the metric tensor as follows:
Rµν = − 3
L2
gµν , Rab =
2
R21
gab , Rij =
2
R22
gij , (5)
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where L,R1, and R2 are radii of curvature of AdS4, A3, and B3, respectively.
The IIB action has an SL(2,Z) symmetry of the axion-dilaton. We focus on the
simplest ansatz and choose a zero axion and constant dilaton. The condition C0 = 0
implies
N1Q1 +N2Q2 = 0 . (6)
A convenient parametrization of the four fluxes satisfying the constraint (6) is
N1 = αN , N2 = N , Q1 = − 1αQ , Q2 = Q , (7)
where we restrict α, N , and Q to taking on positive values. Furthermore, requiring a
constant dilaton results in
eφ =
αN
Q
. (8)
Integrating the F˜5 equation of motion over the compact space gives us a non-trivial
Gauss’s law constraint on the compact space X6:
0 =
∫
X6
H3 ∧ F3 = (N1Q2 −N2Q1) · (volume of X6),
which is clearly incompatible with (6). To make the net three-brane charge vanish
we introduce local objects which carry this charge such as D3 (and D3) branes and
O3 (and O3) planes as in [42]. These sources are localized on the compact space and
extend along AdS. The full action including the localized sources is now
S = SIIB + Slocal where Slocal = −T3
∫
d4x
√−g + µ3
∫
C4 . (9)
T3 and µ3 are the three-brane tension and charge, respectively. This modifies the F˜5
equation of motion (3) to
d ∗ F˜5 = H3 ∧ F3 + 2κ210T3
(
ρD − 1
4
ρO
)
, (10)
where ρD and ρO are the number densities of D3-branes and O3-planes on the compact
space, respectively. The corresponding global constraint is now [26]
1
2(2π)4(α′)2
∫
X6
H3 ∧ F3 = ND3 −ND3 +
1
4
(NO3 −NO3) . (11)
Note that we have put an extra factor of 2 on the left-hand side, anticipating NO3 6= 0.
This arises in the presence of O3-planes because in (11) we are integrating over the full
covering space instead of the Z2 quotient.
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Let us recall that the 3-form fluxes are quantized; that is,
n1 =
1
(2π)2α′
∫
A3
H3 , n2 =
1
(2π)2α′
∫
B3
H3 ,
q1 =
1
(2π)2α′
∫
A3
F3 , q2 =
1
(2π)2α′
∫
B3
F3 ,
(12)
are all integers. In the presence of orientifold planes, because of the Z2 action on A3 and
B3, we restrict the integers n1, n2, q1, q2 to even values.
5 Furthermore, from Eq. (7) we
obtain α = n1/n2 = |q2/q1|, which prevents α from varying continuously and restricts
it to taking only rational values. In fact, there is a further restriction that α has to
satisfy, which comes from the tadpole constraint. To see this, let us combine (12) with
(11), which allows us to express the number of localized objects in terms of three-form
flux quanta:
1
2
(n1q2 − n2q1) = 1
2
(
α+
1
α
)
nq = ND3 −ND3 +
1
4
(NO3 −NO3) , (13)
where n = n2 and q = q2. Since we restrict ourselves to the cases with positive α, n,
and q, we shall now consider the following two cases: (a) only ND3 6= 0, and (b) only
NO3 6= 0.
In the first option, one puts mobile anti-D3 branes with their world-volumes along
AdS4 and each localized as a point on X6. Let us examine what happens to the system
if we start with a uniform distribution of branes on X6. To determine whether this
system is stable, it suffices to consider the interaction of two anti-branes. In flat space,
a pair of anti-D3 branes would be mutually BPS — their attractive gravitational force
exactly cancels the repulsive R-R force. When A3 and B3 are three-spheres, this is
also true to leading order. But in our set-up there is more to the picture. There is
also a net H3 ∧ F3 flux threading the three-spheres. From (11) it is clear that the flux
acts as a cloud of positive 3-brane charge. This screens the negative charge on each
anti-brane and therefore, the gravitational attraction is now stronger than the R-R
repulsive force. This interesting instability due to flux polarization was encountered in
[30]. To sum up, a Jeans instability sets in and the anti-branes clump on the compact
space, possibly followed by the interesting dynamics studied in great detail in [30]. It
would be interesting to investigate whether supersymmetry is restored in the end, but
we shall not do so here.
The second option, that of introducing O3-planes, is what we shall look into in some
detail in this paper. Like the anti-D3 branes above, these orientifold planes also lie
completely along AdS. It is important to realize that the number of such planes that
5See however, [32, 33] for how this restriction could be lifted by considering O3-planes with discrete
fluxes and with +1/4 D3 charge.
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can be introduced is not arbitrary, but depends on the symmetries of the compact
space. More specifically, one looks for fixed points of the action of a subgroup Γ of the
isometry group of X6. For the example in which both A3 and B3 are simply three-
spheres, Γ is a subgroup of SO(4)×SO(4). The number of such orientifold planes which
are allowed are determined by the choice of X6 and Γ. We shall denote the number
of such O3-planes by t in this paper, and view (13) as a constraint on the fluxes.
Combining this with Eqs. (7) and (8), we can now parameterize the space of vacua
with three numbers (gs, α, t), where gs = αN/Q is determined from the background
value of the dilaton, α can be thought of as an asymmetry parameter measuring the
ratio of a given kind of flux on A3 to that along B3, and finally, t = NO3 is just the
number of O3-planes.
The introduction of localized objects changes the stress-energy tensor TMN and so
the background geometry gets corrected. To compute the radii of curvature L, R1, and
R2, let us write Einstein’s equation as
RMN = κ
2
10(TMN −
1
8
gMNT
P
P ) . (14)
Let us denote the collective coordinates on A3 by y and those on B3 by z, and let yk
and zk be the coordinates of the k-th orientifold plane on X6. Then their contribution
to the stress-energy tensor is given by
T locµν =
T3
4
gµν
∑
k
δ3(y − yk)δ3(z − zk), T locab = T locij = 0 , (15)
where −T3/4 is the tension of an O3-plane (so that 2κ210T3 = (2π)4α′2). Together with
the contribution from the supergravity fields in (3), Einstein’s equations (14) now reads
Rµν = − 3
L2
gµν = −1
4
gµν
(
α +
1
α
)
NQ +
1
8
κ210T3gµν
∑
k
δ3(y − yk)δ3(z − zk) (16)
along the AdS directions. Taking traces of RMN first along A3 and then along B3 we
also get
Raa =
6
R21
=
3
4
(
α +
1
α
)
NQ− 3
8
κ210T3
∑
k
δ3(y − yk)δ3(z − zk) ,
Rii =
6
R22
=
3
4
(
α +
1
α
)
NQ− 3
8
κ210T3
∑
k
δ3(y − yk)δ3(z − zk) .
(17)
From now on, we denote the (common) radius of curvature of A3 and B3 by R.
In order for the supergravity approximation to hold, the radius of curvature of our
background must be large compared to string scale. Therefore, we take the limit
8
R/
√
α′ ≫ 1 with dimensionless combinations RN and RQ fixed. From the quantization
condition (12), we see that this is the limit of large number of flux quanta on A3 and B3,
and hence we need a large number of O3-planes. Now, the number of O3-planes per unit
volume of X6 scales like nq/R
6 ∼ 1/R2(α′)2, so the distance between adjacent O3’s will
roughly be ∼ (Rα′)1/3. Therefore, in the low energy limit where we are only interested
in the length scale, say λ > R2/3(α′)1/6, we will not be able to see individual O3-planes.
Rather, in this low energy limit, we can replace their delta function distribution in (15)
by a uniform distribution [42, 43, 44] with density
ρ =
2
(2π)4α′2
(
α +
1
α
)
NQ . (18)
Then F˜5 = 0 is a solution of (10) in this limit, and Einstein’s equations (16) and (17)
determine the radii of AdS and those of A3 and B3 in terms of 3-form fluxes. Our
background is:
3
L2
=
2
R21
=
2
R22
=
1
8
(
α +
1
α
)
NQ , eφ =
αN
Q
. (19)
3 Number of Vacua and the 4D Viewpoint
The first thing one wants to know about the holographic dual of a string theory in AdS
is the number of degrees of freedom of the field theory. For instance, for string theory
on AdS5×S5, which is dual to N = 4 theory with gauge group SU(N), has N2 degrees
of freedom. It turns out that AdS/CFT allows one to predict the degrees of freedom
at strong coupling by the Susskind–Witten arguments [29]. On the gravity side one
computes the cosmological constant of the reduced theory (in the AdS5× S5 example,
this is the 5-d cosmological constant); the entropy is then inversely proportional to
this. For 4-d theories the entropy is
S ∼ 1
l24Λ
E
4
, (20)
where l4 is the 4-d Planck length and Λ
E
4 is the 4-d cosmological constant (measured
in the Einstein frame). Let us compute the entropy for our AdS4 vacua which result
from A3 × B3 compactifications that we have considered in this paper.
We shall compute ΛE4 from the reduced 4-d effective potential that we mentioned in
the Introduction. This will tell us about the shape of the s-wave effective potential,
reminding us of the various positive and negative contributions to the vacuum energy.
In this section we follow the treatment in [26].
9
The string frame cosmological term is obtained by integrating various terms in the
string-frame action over the compact space X6. One gets
Λs4 ∼ e−2φ
(
−R
3
1R
3
2
R21
− R
3
1R
3
2
R22
+
n21R
3
2
R31
+
n22R
3
1
R32
)
+
(
q21R
3
2
R31
+
q22R
3
1
R32
)
− te−φ , (21)
where we have separated the contributions due to the NS-NS fields, the R-R fields, and
finally the O3-planes. Everything is measured in string units. The metric in the string
frame is related to that in the Einstein frame by
gEMN = e
−φ/2gsMN . (22)
From this, one can show that the 4-d cosmological constant in the Einstein frame and
string frame are related by
l24Λ
E
4 =
e4φ
V 2X
Λs4 , (23)
where VX is the volume of the compact space. To get just the scalings, we assume
n1 = n2 = n and q1 = q2 = q in this section (in the notation of the rest of the paper,
this is the same as setting α = 1). Minimizing the energy (21) with respect to R1
and R2 immediately yields R1 = R2 ∼
√
n, while minimizing with respect to φ yields
eφ ∼ n/q. These are exactly the same relations as we obtained in (19) by solving the
ten-dimensional equations of motion.6 Inserting these in (21), we find that each term
scales the same, and that
1
S
∼
(
n
q
)4
1
n3n3
[
n3/2n3/2
n
q2
n2
+ · · ·
]
∼ 1
(qn)2
∼ 1
t2
. (24)
So we see that the entropy of these solutions depends on the number of orientifold
planes (or D3-branes for that matter) as:
S ∼ t2 . (25)
It is interesting to see how this compares with the number of flux vacua obtained
by the Bousso–Polchinski arguments [17]. In [26] for instance, this was heuristically
sketched out and it was found that
NVacua ∼ t
b3
b3!
, (26)
where b3 is the third Betti number. For X6 = S
3 × S3, we find that (25) and (26)
agree. For other compact spaces b3 may be different, but the fact that we do not allow
the 3-form fluxes to simultaneously have legs on both A3 and B3 is responsible for the
dependence above. It is very interesting to ask if one can account for the entropy in
(25) by moving into the Coulomb branch and counting string junctions as in [45].
6To show this recall that n ∼ NR3E , and q ∼ QR3E . From (22) one has R2E = e−φ/2R2s.
10
4 How Many of These Vacua Are Stable?
In anti-de Sitter space, the criterion for stability was computed by Breitenlohner and
Freedman [34], who showed that in AdS4, for a (normalizable) scalar field to be stable,
its mass has to be greater than the so-called BF bound:
m2L2 ≥ −9
4
. (27)
In this section, we shall examine perturbative stability of the vacuum solution de-
scribed in Section 2 against small fluctuations. The particular excitations we shall be
interested in are fields which are scalars in the dimensionally reduced theory on AdS4.
The ten-dimensional origin of these scalars are the trace of the graviton on the A3×B3
(or alternatively, as we shall see, the trace on the metric fluctuations of AdS4), the
dilaton, the axion, and scalar fluctuations of the 3-form fields.
4.1 Fluctuations
Let us introduce the following notations for the fluctuation of metric:
δgµν = hµν = Hµν − 1
2
gµν(h
a
a + h
i
i) , (28)
δgµa = hµa, δgµi = hµi, δgab = hab, δgij = hij , δgai = hai. (29)
In Eq. (28), we have defined the standard linearized Weyl shift on hµν . It will be useful
to decompose Hµν , hab, and hij into trace and traceless parts:
Hµν = H(µν) +
1
4
gµνH
ρ
ρ , hab = h(ab) +
1
3
gabh
c
c , hij = h(ij) +
1
3
gijh
k
k, (30)
so that gµνH(µν) = g
abh(ab) = g
ijh(ij) = 0. We also introduce the fluctuation of the
form fields7
δH3 ≡ h3 = db2 δF3 ≡ f3 = dc2 , (31)
and the fluctuations δφ and δC0 of dilaton and axion fields.
To fix the internal diffeomorphisms and gauge freedom, and to simplify our analysis,
we impose the de Donder–type gauge conditions
∇ah(ab) = ∇ih(ij) = 0 , ∇ahµa = ∇ihµi = ∇ahai = ∇ihai = 0 , (32)
on the metric fluctuations and the Lorenz-type conditions
∇abµa = ∇abai = ∇abab = 0 , ∇ibµi = ∇ibai = ∇ibij = 0 ,
∇acµa = ∇acai = ∇acab = 0 , ∇icµi = ∇icai = ∇icij = 0 ,
(33)
7Beware that we use the same letter h to denote both the metric and NS-NS 3-form perturbations;
they are distinguished by the number of indices they carry.
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on the form fluctuations. As we mentioned above, we restrict our analysis to scalar
modes in AdS. In the above gauge, we can expand the fluctuations in terms of scalar
harmonics of A3 and B3 as follows:
δφ =
∑
IJ
δφIJ(x)Y I(y)ZJ(z) , δC0 =
∑
IJ
δCIJ0 (x)Y
I(y)ZJ(z) , (34)
bab =
∑
IJ
bIJ(1)(x)ǫ
c
ab ∇cY I(y)ZJ(z) , bij =
∑
IJ
bIJ(2)(x)Y
I(y)ǫ kij ∇kZJ(z) , (35)
cab =
∑
IJ
cIJ(1)(x)ǫ
c
ab ∇cY I(y)ZJ(z) , cij =
∑
IJ
cIJ(2)(x)Y
I(y)ǫ kij ∇kZJ(z) , (36)
haa =
∑
IJ
πIJ(1)(x)Y
I(y)ZJ(z) , hii =
∑
IJ
πIJ(2)(x)Y
I(y)ZJ(z) , (37)
Hµµ =
∑
IJ
HIJ(x)Y I(y)ZJ(z) . (38)
Here, Y I and ZJ are the scalar spherical harmonics on A3 and B3, respectively. Note
that the gauge conditions (33) imply that the two-forms bab, bij , cab, cij are co-exact on
the respective 3-spaces; in (35) and (36), we used the fact that co-exact two-forms on
3-manifolds can be expressed as the Hodge dual of the exterior derivatives of scalars.
4.2 Fluctuation Equations
In this section we derive the linearized equations of motion for the fluctuations defined
in the previous subsection. We shall follow the analysis of [38] quite closely. Although
product spaces were dealt with in that paper, the set-up differed in that there was a
6-form field threading the S3 × S3, instead of 3-form fields like we have here.
Let us consider the dilaton equation first. Expanding the dilaton equation of motion
to first order in fluctuations yields
0 = δφ− 1
2
(e−φ|H3|2 + eφ|F3|2)δφ
+
e−φ
2
[
2
3!
Habch
abc +
2
3!
Hijkh
ijk − (N21haa +N22hii)
]
− e
φ
2
[
2
3!
Fabcf
abc +
2
3!
Fijkf
ijk − (Q21haa +Q22hii)
]
.
(39)
As introduced in Section 4.1, we write the fluctuations of the field strengths as h3 = db2
and f3 = dc2, where
b2 =
1
2
babdy
a ∧ dyb + 1
2
bijdz
i ∧ dzj ,
c2 =
1
2
cabdy
a ∧ dyb + 1
2
cijdz
i ∧ dzj .
(40)
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Note that we have set the fluctuation modes bµν , bµa, bµi, cµν , cµa, cµi to zero, because
we are interested only in the scalar fluctuations. It can be readily shown that these
modes do not enter in the equations of motion for the scalar modes in AdS. Then we
can expand each mode in terms of the spherical harmonics as in (35) and (36). After
a straightforward algebra, the dilaton fluctuation equation (39) reduces to8
[{
x+ y + z −
(
α+
1
α
)
NQ
}
δφIJ − 1
2
(
α− 1
α
)
NQ(πIJ(1) − πIJ(2))
+
Q
αN
(
N1 y b
IJ
(1) +N2 z b
IJ
(2)
)− αN
Q
(
Q1 y c
IJ
(1) +Q2 z c
IJ
(2)
) ]
Y IZJ = 0 .
(41)
A similar calculation results in the following fluctuation equation for the axion:
[{
x+ y + z−
(
α +
1
α
)
NQ
}
δCIJ0 +
Q2
α
(πIJ(1) − πIJ(2))
+
Q
αN
(
Q1 y b
IJ
(1) +Q2 z b
IJ
(2) +N1 y c
IJ
(1) +N2 z c
IJ
(2)
) ]
Y IZJ = 0 .
(42)
The fluctuation equations for H3 and F3 are similar, so we shall elaborate the com-
putation for the H3 fluctuation and write down only the answer for the F3 fluctuation.
Using the fact that C0 = 0 in our background, the variation of H3 equation of motion
reads
d(δ∗)(e−φH3)− d ∗ (e−φδφH3) + d ∗ (e−φh3)− d ∗ (δC0eφF3) = 0 . (43)
Here, δ∗ in the first term denotes the variation of the Hodge star operator due to the
metric fluctuation, which turns out to be
d(δ∗)(e−φH3) = Q
αN
[
N1
2
d(hµµ − haa + hii) ∧ volAdS4 ∧ volB3
−N2
2
d(hµµ + h
a
a − hii) ∧ volAdS4 ∧ volA3
]
.
(44)
Then we can again write h3 = db2, and expand the fluctuation fields in terms of
spherical harmonics on A3 and B3. This gives rise to the following set of equations:
d
[{N1
2
(HIJ − 3πIJ(1) − πIJ(2))−N1δφIJ −
α2N2
Q2
Q1δC
IJ
0
+ ( x+ y + z) b
IJ
(1)
}
Y IZJ
]
∧ volAdS4 ∧ volB3 = 0 ,
(45)
8We use the following notation: x ≡ gµν∇µ∇ν , y ≡ gab∇a∇b, and z ≡ gij∇i∇j .
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d
[{N2
2
(HIJ − πIJ(1) − 3πIJ(2))−N2δφIJ −
α2N2
Q2
Q2δC
IJ
0
+ ( x+ y + z) b
IJ
(2)
}
Y IZJ
]
∧ volAdS4 ∧ volA3 = 0 .
(46)
Similarly one can derive the fluctuation equations for F3:
d
[{Q1
2
(HIJ − 3πIJ(1) − πIJ(2)) +Q1δφIJ −N1δCIJ0
+ ( x+ y + z) c
IJ
(1)
}
Y IZJ
]
∧ volAdS4 ∧ volB3 = 0 ,
(47)
d
[{Q2
2
(HIJ − πIJ(1) − 3πIJ(2)) +Q2δφIJ −N2δCIJ0
+ ( x+ y + z) c
IJ
(2)
}
Y IZJ
]
∧ volAdS4 ∧ volA3 = 0 .
(48)
Let us now consider Einstein’s equations to linear order in fluctuations. We shall
need to expand the Ricci tensor to linear order; in our conventions, this is:
δRMN = −1
2
[( x+ y + z)hMN +∇M∇NhPP −∇M∇PhPN −∇N∇PhPM
− 2RMPQNhPQ − R PM hNP −R PN hMP ] .
(49)
In terms of the graviton modes defined in Eqs. (28)–(30), the components of δRMN
with both indices in the internal manifold are written as
δRab = −12 [( x+ y + z)h(ab) − 2Racdbh(cd) − R ca h(bc) −R cb h(ac)
+ 1
3
gab( x+ y + z)h
c
c +∇a∇b(Hµµ − 53hcc − hii)
−∇a∇µhµb −∇b∇µhµa] ,
(50)
δRij = −12 [( x+ y + z)h(ij) − 2Rikljh(kl) − R ki h(jk) − R kj h(ik)
+ 1
3
gij( x+ y + z)h
k
k +∇i∇j(Hµµ − hcc − 53hkk)
−∇i∇µhµj −∇j∇µhµi] .
(51)
We have used the gauge conditions (32) to simplify some of the terms in the above
expressions.
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On the other hand, the variation of the stress-energy tensor T¯MN = TMN − 18gMNT PP
is given as follows:
δT¯ab = e
−φ
[
−
( 1
2 · 2!HacdH
cd
b −
2
2 · 8gab|H3|
2
)
δφ
+
1
2 · 2!(hacdH
cd
b +Hacdh
cd
b − 2hcdHaceH ebd )−
2
2 · 8hab|H3|
2
− 2
2 · 8gab
( 2
3!
Hcdehcde +
2
3!
H ijkhijk − (N21hcc +N22hii)
)]
+eφ
[( 1
2 · 2!FacdF
cd
b −
2
2 · 8gab|F3|
2
)
δφ
+
1
2 · 2!(facdF
cd
b + Facdf
cd
b − 2hcdFaceF ebd )−
2
2 · 8hab|F3|
2
− 2
2 · 8gab
( 2
3!
F cdefcde +
2
3!
F ijkfijk − (Q21hcc +Q22hii)
)]
−eφ
[ 1
2 · 2!HacdF
cd
b +
1
2 · 2!FacdH
cd
b
]
δC0 + κ
2
10δT¯
loc
ab ,
(52)
δT¯ij = e
−φ
[
−
( 1
2 · 2!HiklH
kl
j −
2
2 · 8gij |H3|
2
)
δφ
+
1
2 · 2!(hiklH
kl
j +Hiklh
kl
j − 2hklHikmH mjl )−
2
2 · 8hij |H3|
2
− 2
2 · 8gij
( 2
3!
Habchabc +
2
3!
Hklmhklm − (N21haa +N22hkk)
)]
+eφ
[( 1
2 · 2!FiklF
kl
j −
2
2 · 8gij |F3|
2
)
δφ
+
1
2 · 2!(fiklF
kl
j + Fiklf
kl
j − 2hklFikmF mjl )−
2
2 · 8hij |F3|
2
− 2
2 · 8gij
( 2
3!
F abcfabc +
2
3!
F klmfklm − (Q21haa +Q22hkk)
)]
−eφ
[ 1
2 · 2!HiklF
kl
j +
1
2 · 2!FiklH
kl
j
]
δC0 + κ
2
10δT¯
loc
ij .
(53)
The contributions δT¯ locab and δT¯
loc
ij from O3-planes are calculated in the following way.
Recall from Eq. (15) that
κ210T¯
loc
ab = −
κ210T3ρ
8
gab , (54)
where −T3/4 is the tension of an O3-plane, and ρ is their density. By considering the
metric fluctuation in the internal space and the resulting fluctuation of ρ, we obtain
κ210g
ijδT¯ locij =
NQ
16
(
α+
1
α
)
(π1 + 3π2) , κ
2
10g
abδT¯ locab =
NQ
16
(
α+
1
α
)
(3π1 + π2) , (55)
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where we have used 2κ210T3 = (2π)
4α′2.
Now we equate δRMN with δT¯MN and expand each fluctuation mode in terms of the
spherical harmonics. The trace part of (50) and (52) then reads
[{
x−23 y + z−138
(
α +
1
α
)
NQ
}
πIJ(1) +
{
− y +98
(
α +
1
α
)
NQ
}
πIJ(2)
+ yH
IJ − 3NQ
(
α− 1
α
)
δφIJ + 6αN2δCIJ0 +
Q
αN
(
9
2
N1 y b
IJ
(1) − 32N2 z bIJ(2)
)
+
αN
Q
(
9
2
Q1 y c
IJ
(1) − 32Q2 z cIJ(2)
)]
Y IZJ = 0 ,
(56)
while the traceless part δR(ab) = δT¯(ab) gives the following equation:
(
HIJ − 5
3
πIJ(1) − πIJ(2)
)∇(a∇b)Y IZJ = 0 . (57)
We get similar set of equations from (51) and (53):
[{
x+ y−23 z−138
(
α +
1
α
)
NQ
}
πIJ(2) +
{
− z +98
(
α +
1
α
)
NQ
}
πIJ(1)
+ zH
IJ + 3NQ
(
α− 1
α
)
δφIJ − 6αN2δCIJ0 −
Q
αN
(
3
2
N1 y b
IJ
(1) − 92N2 z bIJ(2)
)
− αN
Q
(
3
2
Q1 y c
IJ
(1) − 92Q2 z cIJ(2)
)]
Y IZJ = 0 ,
(58)
and
(
HIJ − πIJ(1) − 53πIJ(2)
)
Y I∇(i∇j)ZJ = 0 . (59)
4.3 Mass Spectrum
So far in this section, we derived the fluctuation equations of motion assuming that the
internal manifold is A3 × B3 without the orientifold action. But as we saw in Section
2, the tadpole constraint (11) requires the presence of O3-planes in the solution. We
now discuss how this will affect the mass spectrum.
The orientifold action can be written as Ω(−1)FLR, where R is a Z2 action on the
internal manifold and Ω(−1)FL takes the value +1 on the metric gMN , R-R 4-form
C4, axion C0 and dilaton φ, and −1 on the NS-NS and R-R 2-form potentials B2 and
C2 [32, 33]. This implies that we want our metric, axion, and dilaton fluctuations to
transform by +1 under the Z2 action R, and NS-NS and R-R 2-form fluctuations to
transform by −1. We shall consider a specific type of Z2 action R = R1×R2 : (y, z) 7→
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(y′, z′) on A3 × B3, where R1 : y 7→ y′ and R2 : z 7→ z′ are Z2 symmetries of A3 and
and B3, respectively. Then our background metric (4) and dilaton expectation value
(8) are obviously consistent with the orientifold action.
To see the consistency of our background H3 and F3 choices, we need to consider
how they transform under the Z2 action R. Let us first consider Habc(y) = N1ǫabc(y).
The transformation property of Bab under R can be written as
Bab(y
′) = − ∂y
c
∂y′a
∂yd
∂y′b
Bcd(y) . (60)
This implies
Habc(y
′) = ∂aBbc(y
′) + cyclic permutations in a, b, c
=
∂
∂y′a
[
− ∂y
d
∂y′b
∂ye
∂y′c
Bde(y)
]
+ permutations
= − ∂y
d
∂y′b
∂ye
∂y′c
∂yf
∂y′a
∂Bde(y)
∂yf
+ permutations
= − ∂y
f
∂y′a
∂yd
∂y′b
∂ye
∂y′c
Hfde(y) = −
(±N1ǫabc(y′)) ,
(61)
where the sign in the last line depends on whether R1 is orientation-preserving or
not. Therefore, we see that the background Habc(y) = N1ǫabc(y) is consistent with
the orientifold action only if R1 is an orientation-reversing map on A3. Similarly,
Hijk = N2ǫijk(z) is a consistent background only if R2 is orientation-reversing on B3.
The same holds true for F3 background values.
Having shown that both R1 and R2 must be orientation-reversing maps on respective
manifolds, we determine which fluctuation modes will survive. We can choose our
spherical harmonics Y I(y) and ZJ(z) to be the parity eigenmodes under R1 and R2:
Y I(y′) = ±Y I(y) , ZJ(z′) = ±ZJ(z) . (62)
We shall denote the parity eigenvalues by (−1)I and (−1)J , respectively, and call the
indices I and J even or odd depending on the parity of Y I(y) and ZJ(z). From the
mode expansion given in Eqs. (34)–(38), it is then clear that for the fluctuations HIJ ,
πIJ(1),(2), δφ
IJ , and δCIJ0 , the modes that survive the orientifold projection are those with
I and J both even or both odd. Things are slightly trickier for the 2-form potential
fluctuations b2 and c2. For example, let’s consider the fluctuation bab, whose mode
expansion is given in Eq. (35). Under the action of R, it transforms as
bIJ(1)(x)ǫ
c
ab (y)∇cY I(y)ZJ(z)→
∂y
′c
∂ya
∂y
′d
∂yb
bIJ(1)(x)ǫ
e
cd (y
′)∇eY I(y′)ZJ(z′)
= bIJ(1)(x)
∂y
′c
∂ya
∂y
′d
∂yb
ǫ ecd (y
′)
∂yf
∂y′e
∂
∂yf
(−1)IY (y)(−1)JZJ(z)
= −bIJ(1)(x)ǫ fab (y)(−1)I∇fY (y)(−1)JZJ(z) ,
(63)
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where the minus sign in the third line comes from the fact that R1 is orientation-
reversing. Since the R-R 2-form should transform by −1 under R, the modes bIJ(1) that
survive the projection are those with I and J both even or both odd. The cases for
bij , cab, and cij are all exactly the same. In conclusion, for all the fluctuation modes
given in Eqs. (34)–(38), those which survive the orientifold projection are precisely
those with I and J both even or both odd.
Now we compute the spectrum of the fluctuation modes that survive the orientifold
projection and determine the stability of our background. Let us first introduce some
notations. We denote the eigenvalues of the Laplacians on A3 and B3 as follows:
y Y
I = − λ
I
R2
Y I , z Z
J = −µ
J
R2
ZJ . (64)
For the lowest harmonics on the respective manifolds, that is, Y I(y) = constant and
ZJ(z) = constant, the corresponding eigenvalues are obviously λI = µJ = 0. For
non-constant Y I and ZJ , they have a lower bound λI , µJ ≥ 3, which holds for any
3-dimensional compact Einstein manifold of positive curvature [46]. We also find it
convenient to re-scale the 2-form potential fluctuations as follows:
bIJ(1) =
1
α
N1L
2BIJ(1) , b(2) = αN2L
2BIJ(2) ,
cIJ(1) = αQ1L
2CIJ(1) , c
IJ
(2) =
1
α
Q2L
2CIJ(2) .
(65)
We start with the lowest harmonics on both manifolds. From Eqs. (35) and (36),
we see that there are no form field fluctuations at this level, as they involve derivatives
on Y I and ZJ . But all the other fluctuations survive orientifold projection because Y I
and ZJ , both being constant, are obviously even under the Z2 action. Using the fact
that y Y
I = 0 and z Z
J = 0, the contents of dilaton equation (41), axion equation
(42), and metric equations (56) and (58) can be summarized as follows:
L2 x


δφ
δC0
π(1)
π(2)

 =


24 0 12(α
2
−1)
α2+1
−12(α2−1)
α2+1
0 24 − 24α
(α2+1)gs
24α
(α2+1)gs
72(α2−1)
α2+1
−144αgs
α2+1
39 −27
−72(α2−1)
α2+1
144αgs
α2+1
−27 39




δφ
δC0
π(1)
π(2)

 . (66)
Here we have used the relations (8) and (19) for our background. All the other fluc-
tuation equations of motion are trivially satisfied because ∇aY I = ∇iZJ = 0. The
eigenvalues of the mass matrix are
m2L2 = 12, 24, 3(15±
√
241) .
Even though one of them has negative mass-squared, they are all above the BF bound
(27), and the background is stable against this fluctuation mode.
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Next, we consider the modes where one of the harmonics Y I and ZJ is constant but
the other is a higher harmonic. For definiteness, let us assume that ∇aY I = 0 but
∇iZJ 6= 0. Then the fluctuation bIJ(1) and cIJ(1) are still absent, but we now have bIJ(2) and
cIJ(2) for even J (because I is even). All the other fluctuations are also present for even
J . Since ∇(i∇j)ZJ 6= 0 for nonconstant ZJ on a generic9 3-manifold B3, Eq. (59) gives
an algebraic constraint
HIJ − πIJ(1) − 53πIJ(2) = 0 , (67)
which we can use to eliminate HIJ in Eq. (58) in favor of π(1) and π(2). Using y Y
I = 0
and z Z
J = −(µJ/R2)ZJ , the fluctuation equations (41), (42), (46), (48), (56), and
(58) result in the following mass matrix:
L2 x


δφ
δC0
B(2)
C(2)
π(1)
π(2)


= M2


δφ
δC0
B(2)
C(2)
π(1)
π(2)


, (68)
where
M2 =


3
2
µJ + 24 0 36αµ
J
α2+1
−36αµJ
α2+1
12(α2−1)
α2+1
−12(α2−1)
α2+1
0 3
2
µJ + 24 36α
2µJ
(α2+1)gs
36µJ
(α2+1)gs
− 24α
(α2+1)gs
24α
(α2+1)gs
1
α
gs
3
2
µJ 0 0 2
3α
−α gs 0 32µJ 0 2α3
72(α2−1)
α2+1
−144αgs
α2+1
−54αµJ
α2+1
−54αµJ
α2+1
3
2
µJ + 39 −27
−72(α2−1)
α2+1
144αgs
α2+1
162αµJ
α2+1
162αµJ
α2+1
−27 3
2
µJ + 39


. (69)
The expression for the eigenvalues of (69) in terms of µJ is quite complicated, but it is
independent of α and gs. One also finds that the smallest eigenvalue lies below the BF
bound if 3 ≤ µJ . 22.1. That is, the background is unstable if B3 has a non-constant
even scalar harmonic with µJ . 22.1. Exchanging the roles of A3 and B3 yields exactly
same result: the background is unstable if A3 has a non-constant scalar harmonic with
λI . 22.1.
Assuming that non-zero eigenvalues of the Laplacian on A3 and B3 are all larger
than ∼ 22.1, we continue to check the modes with both Y I and ZJ non-constant. For
9This does not hold when B3 is maximally symmetric, i.e. a 3-sphere. In this case, the eigenvalues
of the Laplacian are given by µJ = k(k + 2), where k = 0, 1, 2, . . ., and ∇(i∇j)ZJ = 0 not only for
k = 0 mode but also for k = 1 modes. Therefore, the algebraic constraint in (67) holds only for k ≥ 2
modes.
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I and J both even or both odd, we obtain another algebraic constraint from Eq. (59)
which is analogous to Eq. (67). Together, these two constraints imply
πIJ(1) = π
IJ
(2) ≡ πIJ and HIJ = 83πIJ , (70)
which allows us to eliminate HIJ and πIJ(1),(2) in favor of π
IJ . The mass matrix we get
from the fluctuation equations is then
L2 x


δφ
δC0
B(1)
B(2)
C(1)
C(2)
π


= M2


δφ
δC0
B(1)
B(2)
C(1)
C(2)
π


, (71)
where M2 is now

3(λI+µJ )+48
2
0 36αλ
I
α2+1
36αµJ
α2+1
−36αλI
α2+1
−36αµJ
α2+1
0
0 3(λ
I+µJ )+48
2
− 36λI
(α2+1)gs
36α2µJ
(α2+1)gs
− 36α2λI
(α2+1)gs
36µJ
(α2+1)gs
0
α −gs 3(λI+µJ )2 0 0 0 2α3
1
α
gs 0
3(λI+µJ )
2
0 0 2
3α
− 1
α
−gs 0 0 3(λI+µJ )2 0 23α
−α gs 0 0 0 3(λI+µJ )2 2α3
0 0 54αλ
I
α2+1
54αµJ
α2+1
54αλI
α2+1
54αµJ
α2+1
3(λI+µJ )+24
2


.
Again, the eigenvalues are quite complicated functions of λI and µJ , but numerical
experimentation shows that they are all above the BF bound for λI , µJ & 22.1.
From these observations, we conclude that the criterion for the stability of these
Freund–Rubin compactifications is that there be no even eigenfunction of the scalar
Laplacian with eigenvalue between 3 and 22.1.
We end this section with the simplest example of this kind where we take both A3
and B3 to be 3-spheres. For each 3-sphere, we take the coordinate system (ψ, θ, φ)
defined by
x = R cosψ , y = R sinψ cos θ ,
z = R sinψ sin θ cosφ , w = R sinψ sin θ sinφ ,
in terms of the 3-sphere x2 + y2 + z2 + w2 = R2 embedded in R4. The orientation-
reversing Z2 action on S
3 is defined as
ψ → π − ψ , θ → π − θ , φ→ 2π − φ . (72)
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It has two fixed points on each 3-sphere, so the number of O3-planes on S3×S3 is four.
The eigenvalues of the Laplacian on S3 are given by µJ = k(k+2) where k = 0, 1, 2, . . .,
and we obtain the mass matrix Eq. (68) when k = 0 on the first 3-sphere and k ≥ 2 on
the second. In particular, for k = 2 and k = 3 on the second 3-sphere, the corresponding
eigenvalues are µJ = 8 and 15. Since both k = 2 and k = 3 have modes which are even
under (72), this background is unstable against small fluctuations.
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